We construct a binomial tree model fitting all moments to the approximated geometric Brownian motion. Our construction generalizes the classical Cox-Ross-Rubinstein, the JarrowRudd, and the Tian binomial tree models. The new binomial model is used to resolve a discontinuity problem in option pricing.
Introduction
The binomial tree model for option pricing was introduced by Cox et al. (1979) , which we refer to in this paper as the CRR model. We assume a stock is traded in the time interval [0, T ] and has a price S t at time t. The time interval is divided into n equal periods defined by the instants t k = k∆t, k = 0, 1, . . . , n in which n∆t = T . The price at the next time instant t k + ∆t equals, The underlying discrete stochastic process generated by the tree converges weakly to the geometric Brownian motion (GBM):
(r−σ 2 /2)t+σB(t)
( 1) in which B(t) denotes the Brownian motion.
The weak convergence of a binomial tree to the underlying GBM is understood in the following sense. Consider the sequence of log-returns, R k∆t = log(S k∆t )−log(S (k−1)∆t ), k = 1, . . . , n. Denote by R t;n , t ∈ [0, T ] the random polygon linearly connecting the vertexes (k∆t, R k∆t ), k = 0, 1, . . . , n. Then verifying the assumptions in Proposition 3 in Davydov and Rotar (2008) for a given binomial pricing model, leads to Prokhorov-weak convergence in C[0, 1] of the sequence of random polygons to the corresponding arithmetic Brownian motion with instantaneous mean r and instantaneous variance σ 2 . We designate the corresponding convergence of the binomial tree to the GBM as " w →". Alternative binomial models were later introduced. The two most notable are the JarrowRudd model and the Tian model. Jarrow and Rudd (1983) match the first two moments of the tree with
with a symmetric probability for "up" and "down"
Tian (1993) introduced a tree model
and p ∆t;T I = e r∆t−d u−d . Tian's model matches the first three moments of the tree and the underlying GBM.
In this paper we introduce a multi-purpose binomial model which encompasses the CRR, Jarrow-Rudd, and Tian models as particular cases. Furthermore, a particular case of our model fits all moments of the tree to the underlying GBM.
A Multi-Purpose Binomial Model
Consider a GBM with instantaneous mean b ∈ R and volatility σ > 0 and the following binomial tree:
where
1−p and the tree parameters satisfy the following assumptions:
ii. σ > 0 is fixed.
iii. The parameter b satisfies b = gγ + (1 − g)δ in which γ ∈ R and δ ∈ R.
iv. For given model parameters g ∈ (0, 1) and v ∈ R, the frequency ∆t > 0 is small enough so that p ∆t ∈ (0, 1).
Ignoring the higher order terms, the asymptotics for small ∆t are
The motivation for this model is the following. In all previous binomial models the parameters governing the ups and downs probabilities are chosen to simplify the computational complexity; they are completely determined by the instantaneous mean and variance of the underlying GBM which are estimated from historical return data. It is worth noting that in CRR, Jarrow-Rudd and Tian models, p ∆t = 1/2 + o( √ ∆t) which corresponds in our model to g = 1/2. Statistical evidence in high frequency trading shows that the assumption g = 1/2 is problematic. Here we assume that independent of the existing estimates for the mean return and variance, estimates for the p ∆t = g + v √ ∆t are also available in different return frequencies. This is done by observing the proportions of positive returns in large number of intraday return frequencies. Thus, our multi-purpose binomial model has an additional parameter p ∆t , which allows us to resolve the option discontinuity puzzle, described later in this paper.
First, we prove that the binomial model converges to GBM.
Proposition 1. The binomial tree given by (3) converges in w → to (1) with r = b. The rate of convergence in terms of the Kolmogorov metric can be approximated by the following relationship
where F n,St (x) is the distribution function of S t approximated by the tree in (3) with n steps,
is the distribution function of the geometric Brownian motion.
and recall that for S ∆t = e
Ignoring the terms of order higher than ∆t, for the first moment we obtain
A similar calculation shows that var(Q p∆t t k +∆t ) = σ 2 ∆t. Finally, Proposition 3 in Davydov and Rotar (2008) is easily adapted to our case, which proves Proposition 1.
The rate of convergence follows from the functional form in (2). Without loss of generality, assume t = 1. The price at t = 1 can be represented as
p ) with probability p ∆t and (δ, −σ 1 1−p ) with probability 1 − p ∆t . By the strong law of large numbers,
Yn , and Z ∈ N (0, σ 2 ). Ignoring the impact of the constants, by the Berry-Esseen theorem 2 we obtain the following bound,
where C is an absolute constant.
Next, we demonstrate that the CRR, Jarrow-Rudd, and Tian models arise from (3).
Proposition 2. The following statements hold: a) We obtain the CRR model by setting γ = δ = r, g = 1/2, and v = r−σ 2 /2 2σ in (3). b) We obtain the Jarrow-Rudd model by setting γ = δ = r, g = 1/2, and v = 0 in (3). Proof. The proof is done by comparing the leading terms and is straightforward.
2 See, for example, (Feller, 1971, pp 542) .
The next proposition generalizes Tian's model by constructing a binomial model which fits all tree moments to the corresponding moments of the underlying GBM. The result is a more robust binomial tree model, as it matches not only the first tree central moments but also the kurtoses of the tree and the underlying log-normal return distribution.
Proposition 3. Setting in the binomial tree model in (3) γ = δ = b and v = 0 implies E(Q p∆t t k +∆t ) j = ES j ∆t for all j = 1, 2, . . .. Proof. The result can be viewed as a new version of the well-known moment problem for the log-normal distribution, see Heyde (1963) : the lognormal distribution is not determined by the set of its moments. Applying (8) and inductively calculating,
proves the proposition.
On the Problem of Continuity in Option Pricing
In this section we make use of our multi-purpose binomial model to resolve a discontinuity problem in option pricing. We first describe the problem for the CRR binomial model and then provide the solution.
The Discontinuity Problem in Option Pricing Models
To illustrate the discontinuity problem in the CRR model, consider a one-step binomial model, where (1) S 0 = 1 is the current (at t = 0) (one-share ) stock price; (2) f 0 is the unknown current option price; and (3) S T = u = e σ √ T > 1 (resp. d = 1/u) with probability p (resp. 1 − p). The option payoff at maturity T is
for some option payoff function g(x), x ∈ R. Indeed, when p ∈ (0, 1) the value of the option at t = 0 is given by
u−d regardless of how close p is to 0 or 1. However, for p = 0 or p = 1, the option values are f 0 (0) = e −rT f d and f 0 (1) = e −rT f u . The discontinuity at p = 0 and p = 1
seems unnatural. In continuous time, this problem translates to no sensitivity of the option price to the mean of the GBM which is unreasonable in a non-Gaussian setting, see (Bouchard and Potters, 2000 , Chapter 4.5).
Resolving the Discontinuity Problem
Suppose that returns of frequency ∆t are collected and the following quantities are estimated from that data: (1) p ∆t , (2) the upward movement in ∆t, 1+γ∆t+
the downward movement in ∆t, 1 + δ∆t + 1−p∆t p∆t σ √ ∆t, and (4) the volatility σ. Having estimated all parameters, we set up to calculate the risk-neutral probabilities. We construct a portfolio of the derivative instrument and a delta ∆ t k := ∆ (p∆t) t k position in the underlying stock at time t k . The payoff of the portfolio P t k+1 = P t k +∆t one time step ahead equals
To compute the delta, we set the variance of the portfolio equal to zero, var(P t k+1 ) = 0. The value of delta obtained in this way equals
Because the portfolio constructed in this way is riskless, the price of the portfolio at t k equals the present value of the future certain cashflow, ∆ t k S t k − f t k = e −r∆t E(P t k +∆t ). Thus, for the price of the derivative we obtain
in which the risk-neutral probability equals
In the particular case of γ = δ, Q ∆t = p ∆t − θ p ∆t (1 − p ∆t ) in which θ = γ−r σ denotes the market price for risk. The risk-neutral probability Q ∆t is continuous in p ∆t approaching the limits 0 and 1 which resolves the discontinuity problem.
Estimating p ∆t under the Physical Measure
In this section, we provide empirical evidence that (i ) p is generally not equal to 1/2 and (ii ) p is not constant through time. We take the daily returns of the S&P 500 index from January 3, 1950 to May 20, 2016 and we consider the indicator of the event "market is up" on a daily basis. The total number of observations is 16,703. The number of days with a positive daily return is 8,836 andp = 0.529 with a 95% confidence interval of [0.5214, 0.5366] which rejects the hypothesis H 0 : p = 1/2.
We also test if we can accept the hypothesis that p is the same if estimated for each year in the sample, H 0 : p 1 = p 2 = . . . = p k where k equals the number of years in the sample against the alternative that it is different in at least one year.
3 The p-value of the test is 4.14 × 10 −7 which strongly rejects H 0 . The estimated probabilities are plotted in Figure 1 . 
Calibrating p ∆t under the Risk Neutral Measure
To estimate model parameters under the risk neutral measure, we consider the following calibration problem. First, we select a set of call options written on S&P 500 which mature in less than 100 working days. The model parameters are calibrated on August 7, August 8, September 10, September 15 (the date of Lehman Brothers Collapse), and September 16, 2008. We select the 13-week Treasury bond index (IRX) as the risk-free asset. Also we set the number of time steps n as the number of days to maturity and ∆t = 1/252. Second, we calibrate the parameters of the binomial tree models by minimizing the error between the theoretical prices and the observed closing market prices on a particular day as measured by the sum of squared differences (RMSE). Several other measures of the error are also computed: the average absolute error (AAE), the average absolute error as a percentage of the mean price (APE), and the average relative percentage error (ARPE), defined as follows:
where P j and P j are model prices and observed market prices of call options with strikes K j , time to maturity T j , j ∈ {1, . . . , N }, and N is the number of observed call option prices. We consider two cases of the multi-propose binomial tree. In the first case (MP-Bin1), we use the setting of Proposition 3. That is, we assume γ = δ = r and v = 0, and estimate the parameters σ and p ∆t = g. In the second case (MP-Bin2), we estimate the parameters γ, g, p ∆t ∈ (0, 1), and σ > 0 by means of the least squares curve fit with v = (p ∆t − g)/ √ ∆t and δ = (r − gγ)/(1 − g).
To compare the performance to the other binomial trees, we calibrate σ of CRR, JarrowRudd and Tian models using the same method. The calibrated parameters are provided in Table 1 and the four types of error for the calibration problem are presented in Table 2 .
The MP-Bin2 model has the smallest error for each parameter estimation and the MPBin1 model has the second smallest error for each parameter estimation. Finally, the tables show that the calibrated probability p ∆t can be quite different from 1/2 providing a better fit to the observed option prices.
Conclusion
We propose a new multi-purpose binomial tree model which generalizes the CRR, the Jarrow-Rudd, and the Tian tree models. Our model is more flexible and can match asymptotically all moments of the limiting log-normal distribution. We apply the model to resolve a discontinuity problem in option pricing when the probability for "up" converges to 0 or 1. We also provide an estimation and a calibration example which illustrate that the suggested binomial model is more realistic than the three alternatives. 
